Engineering nonradiative optical states in extended systems such as photonic crystals and metasurfaces is well-studied, especially for structures possessing certain symmetries 4-12 . For complete cancellation of total radiative losses in extended structures below the diffraction limit, it is sufficient to suppress energy leakage in the only allowed radiation direction. On the contrary, for a localized resonator any portion of trapped light is released through a continuum of radiation modes simultaneously, which leads to impossibility of nonradiative states 2 in compact geometries, unless one considers uncommon for optical frequencies materials with zero permittivity 15 . The concept of quasi-BICs provides an elegant solution for engineering high-quality individual nanoantennas operating in the subwavelength regime as it is based on suppression of the radiation loss via destructive interference between different modes. Moreover, the modes forming a quasi-BIC belong to the same resonator which allows to keep the sample footprint small giving a strong benefit over resonators relying on alternative mechanisms of localization, including whispering gallery modes and cavities in photonicbandgap structures, where an efficient light trapping requires dozens of structural periods.
Here, we also employ the quasi-BIC resonances for the second-harmonic generation. Traditionally, nonlinear optical processes rely on the propagation of light over long distances inside nonlinear crystals or optical waveguides 16 . However, subwavelength optical resonators supporting localized modes allow realizing efficient nonlinear processes at the nanoscale. Many demonstrations with nonlinear nanoantennas employ plasmonic resonances in metallic nanoparticles 17 , but efficiencies of nonlinear processes in such structures remain extremely low 18, 19 . Resonant dielectric nanophotonics 20 opens a novel direction towards efficient nonlinear processes in the subwavelength regime 13, 14, 21 . Here, we demonstrate that our subwavelength resonator facilitating strong confinement of light increases nonlinear response by orders of magnitude offering a paradigm shift in nonlinear nanophotonics.
We design the quasi-BIC mode in a nonlinear nanoantenna of cylindrical shape made of AlGaAs (aluminum gallium arsenide) placed on a three-layer substrate (SiO2/ITO/SiO2) (Fig. 1a) . The physics of quasi-BIC relies on destructive interference of two leaky modes with similar far-field patterns. To couple incident light efficiently to the quasi-BIC resonant mode from the far-field, we employ an azimuthally polarized vector beam. The cylindrical resonator supports two families of leaky modes 13 , which can be understood as radially and axially polarized modes, as depicted in Fig. 1b . The modes of the resonator inherit its structural symmetry and can be additionally classified according to their azimuthal order. We select a pair of radial and axial modes with the zero azimuthal index which both demonstrate dipolar magnetic response in the far-field zone (see Supplementary Information). Decreasing the difference between their frequencies via tuning of the disk diameter we achieve the strong coupling regime which produces the characteristic avoided resonance crossing of frequency curves and modification of mode radiative Q factors (see Figs. 1c,d ). As shown in Fig. 1d , the mode with the highest Q factor is realized at a specific diameter in the vicinity of the avoided resonance crossing. In our case, the quasi-BIC appears for the diameter of 930 nm and a height of 635 nm.
We notice that, when a nanoresonator is placed on a substrate, the optical contrast between the resonator and its environment gets reduced, typically negatively affecting the mode Q factor 22 . To compensate the decrease of the Q factor induced by energy leakage into the substrate, we engineer the substrate with an additional layer of ITO (indium tin oxide) exhibiting epsilon-near-zero transition acting as a conductor above 1200 nm wavelength (e.g. at the quasi-BIC wavelength), and as an insulator below this wavelength. The ITO layer is separated from the resonator by a SiO2 spacer. Thickness of the SiO2 spacer layer allows to control the phase of reflection, also enhancing the destructive interference of the two leaky modes in the far-field and thus increasing the Q factor. This can be understood as an interaction of the resonator with its "image" in the substrate 23, 24 . As shown in Fig. 1e , the Q factor of the quasi-BIC mode oscillates with the spacer thickness approaching a constant value corresponding to a bulk SiO2 substrate. The Q factor peaks for spacer thicknesses between 300 and 400 nm with the maximal value of 235 predicted theoretically. This value is more than five times higher compared to a nanoantenna placed on a bare glass and two times higher compared to a freestanding nanoantenna in air. . For the substrate, we use commercial films of 300 nm ITO on SiO2 on top of which we deposit a 350 nm SiO2 spacer. We finally transfer AlGaAs nanoparticles to the SiO2/ITO/SiO2 substrate. For the fabricated structure, we perform linear measurements using azimuthally polarized excitation and an objective lens (×100, 0.7NA) to focus the pump beam and to collect the backward-scattered signal. Figure 1f shows the difference between the measured backward scattering of the bare substrate and the fabricated sample normalized to the substrate reflectivity. The experimental value of the Q factor of about 180 is extracted from the measured spectrum (see Methods).
We employ the high-Q resonance of the nanoparticle to achieve a sharp enhancement of the second-harmonic generation (SHG) conceptually depicted in Fig. 2a . The AlGaAs material is known for its superior secondorder nonlinear properties. In conventional nonlinear optics of long, macroscopic structures, it is necessary to compensate for optical dispersion, which results in different phase velocities for light of different frequencies 25 . In contrast, at the subwavelength scale and beyond the applicability of phase-matching, both geometric and material resonances drive the optical response. To understand how to achieve high levels of the nonlinear frequency conversion, we develop the detailed stepby-step theory of SHG at the nanoscale. We employ the eigenmode expansion method for non-Hermitian electromagnetic systems proved to be a powerful tool to understand the peculiarities of light scattering 26 . We extend this approach to describe the resonant response in the nonlinear regime (see Supplementary Information).
The designed subwavelength nanoantenna supports a quasi-BIC mode with frequency " and inverse radiation lifetime " and a magnetic quadrupole Mie resonance with frequency $ and inverse radiation lifetime $ in the vicinity of the SHG wavelength (see Supplementary Information). To find the resonance amplitudes we expand the resonator's Green's function over the eigenmodes both at the fundamental and SHG frequencies and derive the expression for the total second-harmonic power radiated by the subwavelength disk (see details in Supplementary Information)
This expression allows a detailed step-by-step treatment of the SHG process, whose schematic diagram is shown in Fig. 2b . The incident power 2 is coupled to the quasi-BIC with efficiency governed by the spatial overlap " between the pump and the mode. The coupled power is resonantly enhanced depending on the mode Q factor " and damped by the spectral overlap factor " ( ) = " $ /[( − " ) $ + " $ ] which tends to the unity at the resonance. The efficiency of up-conversion of the total accumulated power is determined by the cross-coupling coefficient "$ which depends on the symmetry of the nonlinear susceptibility tensor of AlGaAs and the spatial overlap between the generated nonlinear polarization current and the quadrupole Mie resonance in the vicinity of the SHG wavelength (see Supplementary Information). The converted secondharmonic power is increased by a high Q factor of the second-harmonic mode but at the same time is decreased due to the spectral mismatch with the quasi-BIC
The outcoupling factor $ which tends to the unity for the frequencies in the vicinity of $ determines the fraction of the radiated second-harmonic power. The exact expressions for coupling coefficients " , "$ , $ and the constant are given in Supplementary Information.
The developed approach allows to specify the optimal conditions to maximize the SHG efficiency from an individual AlGaAs nanoantenna. First, the spatial profile of the pump must be structured to match the distribution of the excited mode. To provide the perfect spatial matching, we use the cylindrical vector beam with azimuthal polarization resembling the far-field pattern of the quasi-BIC. We estimate " as 33% for the experimental conditions using a model of a free-standing nanoantenna in air, as demonstrated in Fig. 2c . Next, the optimal structure must be resonant simultaneously at pump and second-harmonic wavelengths and both resonances must be of a high Q factor. For the designed subwavelength disk (Al 20%) with the diameter of 930 nm, the factor of spectral overlap reaches 30%, as shown in Fig. 2d . At the SHG wavelength, the nanoparticle hosts a quadrupolar mode with a Q factor $ ≈ 65 (see Supplementary Information) . Finally, the collection efficiency must be increased, which can be done by optimizing the substrate properties. The ITO film of the structured substrate, while acting as a mirror at the pump wavelength, is transparent at the SHG wavelength with material properties similar to glass as shown in Fig. 2e . The epsilon-near-zero transition occurring in the ITO makes it effectively "invisible" to the second-harmonic radiation allowing it to propagate in both forward and backward directions.
To do systematic experimental analysis of the SHG enhancement in quasi-BIC resonators, we fabricate a set of individual AlGaAs disks with a varying diameter from 890 to 980 nm. We excite the resonators in the wavelength range from 1500 to 1700 nm using laser pulses with 2 ps duration (see experimental details in Methods). The nanoparticle is positioned between two confocal objective lenses: the first lens (×100, 0.7NA) focuses the pump beam and collects backward-generated second harmonic. It is achromatic over the spectral range of both the pump and the second harmonic. The other lens (×100, 0.9NA) collects the second harmonic in forward direction. We employ azimuthally, radially, and linearly polarized pump to experimentally verify the selective spatial coupling to the mode at the pump wavelength. nonlinear conversion efficiency demonstrated here is more than two orders of magnitude higher than earlier results for individual nanoresonators 19, [27] [28] [29] [30] which makes it a significant step forward for the development of the efficient nonlinear optics at the nanoscale. We further evaluate the total SHG efficiency using the common approach by comparing the total radiated second-harmonic power estimated using the collection objective NA with the percent of the pump power coupled to the resonator. We take into account theoretically estimated 33% of pump coupling efficiency, and 24% of SHG collection efficiency, and obtain an estimated total conversion efficiency of 4. [%] remain limited by levels of pump power that they can sustain. Efficiencies of 2×10 -4 %, 31 2.5×10 -3 %, 32 and 7.5×10 -2 % 33 have been reported. Also, the direct quantitative comparison of a single subwavelength resonator to a metasurface cannot be done without some ambiguity, we generally note that the efficiency demonstrated here for an individual particle is comparable to two-dimensional nonlinear metasurfaces.
In summary, we have demonstrated experimentally, for the first time to our knowledge, the existence of high-Q optical modes in individual subwavelength resonators governed by the physics of bound states in the continuum, accessed with a structured light and enhanced by an engineered substrate. We have employed these quasi-BIC resonant nanoantennas for nonlinear nanophotonics and observed the record-high secondharmonic generation at the nanoscale empowered by the enhanced field confinement associated with this novel type of high-Q resonant optical mode. Our demonstration opens novel opportunities for resonant nanoscale optics and photonics. High-Q modes supported by individual isolated nanoantennas will find further applications in subwavelength lasers, sensors and quantum sources. is extracted from the experimental scattering spectrum using single-peak fitting to a Fano lineshape via the Levenberg-Marquardt algorithm. The error is due to the inaccuracy of the fitting procedure.
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